We consider the reaction-di usion equation with discontinuities in the di usion coe cient and the potential term. We start by deriving the Carleman estimate for the discontinuous reaction-di usion operator which is deployed in the inverse problems of nding the stability result of the two discontinuous coe cients from the internal observations of the given parabolic equation.
Introduction
In this paper we establish stability results for the following reaction-di usion equation with discontinuous coe cients. 
with the transmission condition q| S + ×( ,T) = q| S − ×( ,T) .
Let us set
where Ω and Ω are partitions of Ω with Ω ⊂⊂ Ω and Ω = Ω \ Ω . Also let S = Ω ∩ Ω with S + and S − be the sides of the interface S belonging to Ω and Ω respectively. Depending on a particular real world problem, q can represent the concentration of a chemical species or the density of the population species. The constant a(x) > is the di usivity of the chemical reaction or the species and r(x) is the reaction rate. The solutions of the given system arising in biology, ecology, or engineering often represent quantities such as population sizes or concentrations of nutrients, pollutants and other chemicals. Now we shall make the following assumptions on the coe cients a(x) and r(x), with su ciently smooth b(x): Let q and q be the solutions of (1) associated with (a, r, q ) and ( a, r, q ) respectively. We assume that q ∈ L (Ω) is a real valued function. The goal of this work can be stated as follows: Is it possible to determine the di usion coe cient a(x) and the potential r(x) over the entire domain Ω from the knowledge of these coe cients on a nonempty open subset ω of Ω and along with ∂ t q(·, θ) and ∂ t q(·, θ) for some xed θ ∈ ( , T)? The main result of the paper is based on a Carleman estimate for the solutions of reaction-di usion equation with discontinuous coe cients and this can be explained in Section 2 of the paper.
Carleman estimates which are basically a-priori estimates of a weighted norm of the solution of PDEs and its derivatives are used adequately in the study of controllability and inverse problems. These estimates were rst introduced for the proof of uniqueness of ill-posed Cauchy problems by Carleman in 1939. The works by Bukhgeim and Klibanov [5, 6] which proved the uniqueness and stability results for multidimensional inverse problems with a single measurement gave an insight of extending the idea to prove Hölder stability estimates for these problems. In later stages, these Carleman estimates were successfully deployed in the proofs of the Lipshitz stability of hyperbolic equations which is stronger than the earlier Hölder stability. This idea provoked the study of inverse problems in various directions.
Huge amount of literature exists on controllability of parabolic problems via Carleman estimates [1, 7-9, 11] whereas relatively not so large but su cient amount of research works were done on inverse problems of parabolic type PDEs by the same technique [2-6, 10, 13, 16] . As far as numerical study of inverse problems is concerned, there are not much of research works done. Globally convergent numerical algorithms for coefcient inverse problems were derived by the help of weight functions associated with the Carleman esitmates, as explained in the book by Klibanov and Timonov [14] .
In the context of inverse problems for parabolic equations with discontinuous coe cients, some of the interesting results were achieved with the Carleman estimates. In [3] , Uniqueness and stability results for both the di usion coe cients and the initial condition of the heat equation with discontinuous di usion coe cient were established from the measurement of the solution on an arbitrary part of the boundary and at some arbitrary positive time whereas the same results were studied in three di erent connected situations by Poisson [15] . Initial works on the coupled system with discontinuous coe cients were studied using Carleman estimates in [10, 16] .
It should be emphasized that to the best of our knowledge, as far as the simultaneous identi cation in an inverse problem of parabolic type equation with discontinuous coe cients is concerned, there is only one paper appeared; see, Benabdallah et al. [3] in which they discussed the simultaneous reconstruction of one discontinuous di usion coe cient and initial condition for the parabolic equation whereas our work establishes the simultaneous identi cation of two discontinuous coe cients in an inverse problem from the knowledge of solution on an arbitrary part of the boundary and at some arbitrary positive time. Besides, the stability results we have obtained here is of interior measurements and the associated results from the boundary measurement would also be an interesting work.
The outline of the paper is as follows: In Section 2 we deduce a global Carleman estimate for the equation (1) with single observation. This estimate is successfully applied in Section 3 to prove a stability result for the discontinuous coe cients under suitable conditions on the solution of the given equation.
Carleman Estimate
In this section, we prove a Carleman type estimate for reaction-di usion equation with single observation acting on a subdomain ω of Ω on the right-hand side of the estimate. The proof of this estimate follows the standard technique used for general parabolic equations in [11] and [15] . In order to frame a Carleman type estimate, we shall rst introduce a particular type of weight functions and in fact, the choice of the function β is the key for the derivation of Carleman estimate.
. Weight Function
Carleman estimate for the solution of (1) is an a-priori estimate which contains only the restriction of solution on Qω := ω × ( , T) in the right hand side, instead of the solution taken on the entire domain Q. But to get such an estimate, it is necessary to multiply the solution by some suitable weight functions.
For this, we need to introduce the following auxiliary functions to express the inequality in the desired form. Let ω ⊂⊂ ω ∩ Ω , and since Ω is bounded and connected, one may have the following lemma:
Lemma 2. Assume that the functions a and r, de ned in (1), satisfy Assumption 1. If ω ∩ Ω is nonempty, then for every open set ω , there exists a function β
Proof. The proof of this lemma can be found in [11] .
Suppose we assume that it is possible to nd a regular and positive function β(x) with certain properties de ned on Ω satisfying
with K > such that K ≥ max Ωβ andβ is given in the above lemma. Now let us introduce the weight functions
Note that the weight function η is positive and blows up to +∞ at t = and t = T. As a consequence, the functions e − sη , ϕe − sη , etc. are smooth and they vanish at t = and t = T and also note that ϕ(
Moreover, in proving the main inequality, we need the following estimates for the functions ϕ and η. Here and henceforth we will denote by C a generic positive constant whose value varies from line to another and can be depending on β and its derivatives and Ω. By simple computation, one can obtain the following results
Further note that ∇ϕ = λϕ∇β, ∇η = −λϕ∇β and ϕ − ≤ (T/ ) .
To express the constants appropriately, introduce the set Consider the reaction-di usion operator, for all q ∈ Za,
Now we are ready to prove the estimate for the problem (1). 
for all q ∈ Za, where s and λ will be de ned later.
Proof. The proof we present here is based on the ideas used in [11] . Now let us make the change of variable for the unknown function q(x, t) = e sη ψ(x, t) in (7) Then we have
where (·, ·) denote the scalar product in L (Ω) and the norms are de ned in L (Q). Now let us estimate all the terms appearing in the inner product. In rst, let us split the inner product as a sum of the terms I ij , i, j = , . . . , , where I ij is the inner product of the ith term in the expression of M ψ with jth term in the expression of M ψ above. Now we shall simplify and estimate each of these integrals by using Green's theorem and usual integration by parts. Now the terms I j , j = , , , become, with an integration by parts Computation corresponding to the scalar product of the second term in M ψ with M ψ gives
Calculating the scalar product I j , j = , , , ,
The terms I j , j = , , , are given by,
where we have used the notation [ · ] S to denote the jump on S with [a] S = a − a ≤ on S and [∂n β] S = ∂n β − ∂n β ≥ on S, where n is the outward unit normal to Ω and also ∂n β ≤ on Γ, using (2) and (3). Also note that a ∂n β | S+ − a ∂n β | S− = .
Substituting all the preceding equalities in (10), we obtain Making use of the estimates (5) and (6) and for small ϵ > , we have
On the other hand, from (9), we have
for any λ ≥ . Further, note that all the integrals in the left hand side of (11) are non-negative. Moreover, we know that (2) and (3) hold. Then, for some λ (Ω, α , α ) ≥ , we have
for all (x, t) ∈ (Ω \ ω ) × ( , T) and λ ≥ λ . Using (14) , (12) and (13) in (11), we get
For any su ciently large λ ≥ λ and for any s ≥ s , all the upper bounds of X will be absorbed by one of the dominating term in the left hand side of the above inequality. For ϵ small enough, there exists a constant C > such that
In order to obtain the Carleman estimate, it remains to obtain the rst order derivative in time and second order derivative in space of the variable ψ in the left hand side. First one can be done using the expressions of M i ψ (i = , ). Indeed, from (10), we have
and λ ≥ . Thus we get In order to conclude the proof of the Carleman estimate it is su cient to derive the rst order term in the right hand side of the above equation in terms of the zeroth order term of q in Qω . For this purpose, consider a function ρ ∈ C ∞ (ω) such that ρ ≡ in ω and ρ ≥ . We consider ω ⊂ Ω and the estimates obtained below remain true for larger ω. Now multiplying the equation (7) 
for any s ≥ s = C(Ω, ω, α , α )T( + √ T + T) and for any λ ≥ . Substituting (17) in (16), we get
for all s ≥ s = max{s , s } and λ ≥ λ . This completes the proof.
Stability Result
In this section, we establish a stability estimate using certain ideas from [15] . More precisely, we obtain an inequality which estimates the coe cients a and r over the entire domain Ω with an upper bound given by some Sobolev norm of the normal derivative of the solution u, certain spatial derivatives of u at time and the partial knowledge of u and r over the subdomain ω Ω. In proving these kinds of stability estimates, the global Carleman estimate obtained in Theorem 2.1 will play a crucial part along with certain energy estimates.
Recall that q and q are the solutions of (1) associated with (a, r, q ) and ( a, r, q ) respectively and let the operators Lq and Lq be de ned on Za by 
Thus we proved our stability result (19)
